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Motivation

Let (G , ·) be a Polish group.

There exists a Haar-measure on G if and only if G is locally
compact.

(⇒) Assume the contrary, pick K cpct with µ(K ) > 0. Let
(giK )i∈I be a maximal family of pairwise disjoint translates of K .
Then I is uncountable.
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Motivation

1 Automatic continuity: assume that π : G → H is a universally
measurable group homomorphism. Is π necessarily
continuous?
(Christensen) Yes, if H admits a compatible two sided
invariant metric.

2 Counterpart of category.
(Dougherty-Mycielski) Description of the random element of
S∞.

3 (Christensen) If X is a separable Banach space, every
f : X → R Lipschitz functions is almost everywhere Gateaux
differentiable.



Regularity properties

Theorem (Solecki)

The Haar null ideal has the countable chain condition if and only if
G is locally compact.

If (G , ·) is a non-locally compact Abelian Polish group then the
family of closed Haar null subsets of G is neither analytic nor
co-analytic.
Every analytic Haar null set is contained in a Borel Haar null set.

Theorem (Elekes-V)

There exists a Haar null Borel set in Zω, which is not contained in
a Haar null Gδ set.
There exists a Haar null co-analytic set in Zω, which is not
contained in a Haar null Borel set.
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Let b ∈ ωω. Let µb be the uniform measure on the set∏
i{0, . . . , b(i)} ⊂ Zω.

Lemma (Solecki, D. Nagy)

Let S be a Haar null set in Zω. There exists a b ∈ ωω such that µb
is a witness measure to S ∈ HN .
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co-finite. A set D ⊂ ωω is called dominating if for every b ∈ ωω
there exists a d ∈ D with b ≤∗ d .
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A set S ⊂ Zω is Haar positive if and only if the set
{b : ∃g ∈ Zω µb(S + g) > 0} is dominating.
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Coding trick

Let I-be an ideal on ωω, and assume that A ⊂ ωω is analytic set
6∈ I.

Suppose that F ⊂ ωω is closed. Enough to construct φ : F → A
such that

φ is continuous

φ(F ) 6∈ I
∀x ∈ F (φ(x) ≥∗ x)

Since then φ(F ) is closed subset of A, with φ(F ) 6∈ I.



Coding trick (General version)
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Brendle-Hjorth-Spinas: the family
{F ⊂ F(ωω) : F is closed and dominating} is ∆1

2.

Corollary

{F ⊂ F(Zω) : F is closed and Haar null} is ∆1
2, but not Σ1

1 ∪ Π1
1.
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Assume that A ⊂ X × ωω, where X is Polish. Let

aA = {x : I has a winning strategy in the game G (Ax)}.

If Γ is a class of sets, aΓ = {aA : A ⊂ X × ωω,A ∈ Γ}.

Theorem (Saint Raymond)
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2 Is the poset of Haar positive Borel sets ordered under
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3 Is there a Haar null Fσ set that is not contained in a Haar null
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Thank you for your attention!


