Arcs, kRnots, and convex embeddabui’cg

(joint with tannella, Kulikov, Marcone )

Definition

A (proper) arc is a pair (B, f) with B_a closed ball in R? and f: [0;1] — B a
topological embedding with f(z) € 0B <= z =0V x = 1. The collection of all arcs
is denoted by A.

Two arcs (B, f) and (B, f') are equivalent, in symbols (B, f) =4 (B, f'), if there is
a homeomorphism ¢: B — B’ such that ¢(f) = f'.
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Definition

A knot is an embedding of the circle S! into the 3-sphere S2. The collection of all
knots is denoted by K.

Two knots K, K’ € K are equivalent, in symbols K =y K’, if there is a
homeomorphism ¢: S3 — S3 such that p(K) = K.
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Definition

A point z € f of an arc (B, f) € A is called singular point if (B', f N B') is not trivial
for every x € B’ C B (with = ¢ B’ if x is not an endpoint of f) for which
(B', fnB) e A.

The arc (B, f) is tame (or locally unknotted) if it has no singular points, and wild
otherwise. Similarly for knots.
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Definition

Let R, S be binary relations on standard Borel spaces X,Y. We write R <p S if there
is a Borel function f: X — Y such that for all z,2’ € X

xRa' <= flz) 8 fly).
We write R ~g S for R<p S <p R.

Tun ( Kelibmr, 2047);




Definition

An arc (B, f') is a component of the arc (B, f), in symbols (B', ') S (B, f). if
there is a topological embedding ¢: B’ — B such that ¢(f’) = f Nrng(y).

The induced equivalence relation ~ 4 is called mutual component relation.
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Definition
The relation <0 of convex embeddability on LO is defined by

Lol < L'=L,+L+L,

with L = [ (the linear orders L;, L, might be empty, finite, or infinite).

The induced equivalence relation <  is called convex biembeddability.
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Detinition

A linear order L is called
— right compressible if L = L + L, with L, # () and Le=E
— left compressible if L = L;+ L with L; #0 and L = L

— bicompressible if L = L; + L + L, with L;, L, # ) and L = L (equivalently, L is
both right and left compressible)

— incompressible if it is neither right nor left compressible
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Definition

The Friedman-Stanley jump E* of an equivalence relation E on X is the relation on
X“ defined by

(xn)necu E* (yn)new = {[xn]E | URS w} = {[yn]E | URS w}'
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Definition
A sub-arc of a knot K is a pair EB, K N B) such that 9B meets transversely K in
exactly two points and (B, K N B) is an arc.




Definition

The (oriented) knot K is a (finite) tame sum of the (oriented) sub-arcs

(B1, KN B1),...,(Bn, KN By,) if the B;'s are ordered according to the orientation of
K, almost pairwise disjoint (they meet in at most one point, and this can happen only

if they are consecutive), and K becomes tame if we substitute each (B;, K N B;) with
a trivial arc with same ambient sphere B; and same endpoints.
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Definition
A knot K is a (finite) piecewise component of K, in symbols K X5 K', if K is a
finite tame sum of sub-arcs, each of which is equivalent to a corresponding sub-arc of

K’ (of course we require such sub-arcs to be ordered in the same way by an orientation

of K’ and almost pairwise disjoint).
The induced equivalence relation ~g“ is called mutual (finite) piecewise component

relation.

K}

Mo v podl~boch Ot B Liman o+ chinlly , iC

Detinition

A ternary relation C C X3 on a set X is said to be a circular order if the following

conditions are satisfied:
- (z,y,2) e C = (y,2,2) € C (cyclicity)
- (z,y,2) € C = (y,z,2) ¢ C (asymmetry)
- (z,9,2),(z,2,w) € C = (x,y,w) € C (transitivity)
—if z,y,z € X are distinct, then (z,y,2) € C or (z,z,y) € C (totality)
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Definition

A subset A of a circular order C' is convex if for all z,y € A either z € A for all z such
that (z,z,y) € C, or z € A for all z such that (y, z,x) € C.

Definition (flawed)
The relation <Jco of convex embeddability on CO is defined by

g < ¢'=0 3+

with C = C (again C(") might be empty, finite, or infinite).
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Definition

A circular order C is a (finite) sum of its convex subsets C1, ..., C,, in symbols
C =371~ Gy, if the Cy's are pairwise distinct, C' = |J;<;<,, Ci and (z,y, z) € C for all
zeCy,yeC;, 2eCwithi < j<k.

Definition
The relation <958 of (finite) piecewise convex embeddability on CO is defined by

OG0 — U= Z C; (for some n € w) and C' = Z(O@ + Ci(r))
=l i=1
with C; = C; (each CZ(T) might be empty, finite, or infinite).

The induced equivalence relation <58 is called (finite) piecewise convex
biembeddability.
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