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1 Introduction

Motivatinguestion Is there a Borel function F : 2 - NVE
such that for all x ,ye2*, x < + y => F(x) <* F(y) ?

Definition For f, geNU,
fc

*

g means FNVn = N
,
f(n) < g(n)

i. e. t is eventually dominated by 9

Comments D Related to various other questions about the Turing degrees
E

.g. Martin's Conjecture, a question of Day & Marks
,
etc

2& There is a Borel function F : 2N-NW such

that x =+ y => F(x)<*

F(y)

Answer to motivating question No.

Proof outline : O Such an F exists= is hyperfinite
② is not hypenfinite

Goal of this talk Introduce hyperfiniteness for Borel partial orders



2 Hyperfiniteness
Def A partial order (X , 1) is :

locally finite if XX
, EyeX/y < xg is finite

locally countable if XX
, EyeX /y/x] is countable

Def A Borel partial order (X , ) is hyperfinite if it is a

countable increasing union of locally finite Borel partial orders
i

.e. there are locally finite Borel partial orders [Cninen on X

such that $x <
ny => X n+1 y

②x < y = Fn
, xny increasinga

Comments D Hyperfinite => locally countable

② This definition works equally well for
quasi-orders (generalizing hyperfinite BERs)
So do

many (but not all) other things
in this talk



Def A Borel partial order (X , ) is hyperfinite if it is a

countable increasing union of locally finite Borel partial orders

Example on ZV defined by 10111... OIII... IIII
...

x# y and x * y
and for the largest Ks.

t.

x(k)+ y(k) ,
x(k) < y(k)

↳ eventually equalDefine in by :

XinyX <

y and UK =n , X (k) = y(k)

Comment If< is generated by an N-action then
it is hyperfinite ↳ x < y() Few,

x = noy
Question What about NK ?

Question Generic hyperfiniteness?



3 Hyperwellfoundedness
Thm Suppose (X , 4) is a locally countable Borel partial
order. Then < is hyperfinite if and only if there is
a Borel Function F : X-NV such that x s y = F(x) <

*

F(y)
i

.e. a Borel homomorphism from 1 to

Proofoutline ??
↑
- -Hyperfinite => Borel home to /*

hyperwell founded

Comment Very roughly :

hyperwellfounded hypersmooth
Def A Borel partial order (X,) is hyperwellfounded
if it is a countable increasing union of
well-founded Borel partial orders



Def A Borel partial order (X,) is hyperwellfounded if
it is a countable increasing union of well-founded
Borel partial orders

Example <* on NN

For each n
,
define In on NN by

fig) Fk = n
,
f(u) < g(k)

well-foundedness :

to in f ,
>

n F2 > ... fo(u) > F
, (n) > Fz(n) >

...

comments D *
is "hyperheightsw"

② isnot hyperfiereally countable



3.1 Hyperfinite= Hyperwellfounded
Assume : (X , 1) is a locallyctbl Borel partial order

Prop If < is hyperfinite then it has a Borel home to <*

pf Let Ein witness hyperfiniteness
9. F(x)(n) = 7

Define F : X - NN grF(x)(n) = 15y+ X/y(xj) ·
!

F(y)(n) = 5

4 &
Bonel by Lusin-Novikov

Prop If < has a Borel hom to <* then it is

hyperwellfounded
basically the proof that

↑ Given F : X -> NW
,
define
->
I is hyperwellidd

* <y #X <
y and UKIn,

F(x)(k) < F(y) (k)



3 .2 Hyperwellfounded => Hyperfinite
Assume : (X , 1) is a locallyctbl Borel partial order

Prop If < is hyperwellfounded then it is hyperfinite

Borel # Fixinin witnessing hyperwellfoundedness
enumeration- Ign : -Xin Borel functions sit .
of predecessors Vx zy/y(xj = Egn(x))nENS

For each n
,
define

X +nyE)x<y and Fhsn gn(y) = X

and let in be the transitive closure ofIn

Observation Un =

Claim <n is locally finite



< In witness hyperwellfoundedness
ign : x-XIn enumerate predecessors

X-nyE) X < y and Ek* gr(y) = x

= transitive closure of -n

Claim <n is locally finite
# Fix yeX . WTS exxys is finite

key point : x1x <nys can be thought of as
a finitely branching tree

·-x-ny For each y , Ty is In-branchingS

T Ty is infinite => Ty ill-founded

=>In ill-founded



3.3 Non-locally countable partial orders

-Thm Suppose (X , 2) is a locally countable
?
Borel partial

order. Then < is h perfinite if and only if thereY
is a Borel homomorphism from < to <*

Proofoutline↑
-

Hyperfinite -> Borel hom. to /* hyperwell founded↳-

6 ↓
implies loc . Ctbl Does not require local countability
What about the other (implicit) implication?

not necessarily loc. ctbl

Question Does every
V

hyperwellfounded Borel partial
order have a Borel homomorphism to <*?

My guess : Probably not
Hyperwellfounded should not imply "hyperheights"



4 Proving non-hyperfiniteness
Thm Suppose (X,) is a Borel partial order, u is a

Borel probability measure on X and FF : X -> X are
3

u-independent functions such that For u-almost every??
X, E(x) < x and F(x) < X. Then < is not hyperwellfounded↑

and hence not hyperfinite

Def Measurable functions F
,
G : X-X are u-independent

if for all measurable sets A ,
B = X

u(F
-(A) 16-(B)) = u(A)u(B)

F
,
G -independent # F

,
G u-measure preserving
and independent as-random variables ??

Example F
,

G : 2- 2N take left & right halves
X = XoX,X2Xz ... F(x) = XoX/... 1 independent for

6(x) = X , XsXs ... ) Lebesque measure



4.1 M-independence

Assume : M is a Borel probability measure on X

Def Measurable functions F
,
G : X-X are u-independent

if for all measurable sets A ,
B = X

u(F
-(A) 16-(B)) = u(A)u(B)

Prop F ,
G u-independent -> M-measure preserving

# u(F- (A)) = u(F
-(A)1G"(X))Gu(A)m(X)Gu(A)
u-independence G ↳ probability measure

Prop F
, GM-independent => For

any measurable A,
BEX,

M (F "
(A) UG" (B)) = M(A) + u(B) - u(A)u(B)

#M(F
"(A)UG"(B)) = M(F"(A)) + u(c+ (B) - u(F-(A) 1G+(B)

= u(A) + u(B) - u(A)u(B)



4.2 Proof of non-hyperfiniteness
Thm Suppose (X,) is a Borel partial order, u is a

Borel probability measure on X and F ,
F : X -> X are

u-independent functions such that For u-almost every
X, E(x) < x and F(x) < X. Then < is not hyperwellfounded

#f Suppose for contradiction that < is hyperwellfold
Letiin witness hyperwellfoldness

Pick n large enough that u(A) ! /, where

A = [xeX /Fo(X) <X and F(x) <nX]

Goal : Find XeA and i,
,
in

, is, ... :50 , 15 such that
Fi

,
() , (FioFi) (x) , (FioFioFi)(x), . . . A

↓

· · Fr
,(x) X

* >n Fi(x) >n Fiz(Fi(x) in
...-E... · Fin (Fi

,(x) A



(X: Borel partial order
M : Borel probability measure on X
Fo

,
F1: M-independent s.t. for M-a.e. X, Fo(, F

, (x) < X

Enin : witness hyperwellfoldness of X
A : Ex/ Fo(x) (n + and F

, (x)< x] , u(A) = 3/4
Goal : Find xeA

, iniz , is , ..
90 ,15 st. Fi(, Fin(Fi, (x), ... A

For each KEN
, define

An = ExeAl Ji
, ...
in (Fi(x), ..., (Fino ... o Fi)(x) A)

Claim For all K
,
u(Ay) > 1/2

1 - 2x- x2- 1/4

# By induction . Ao = A = M(As) = 3/4/23x-
1/2 -----Am+= Al (Fo" (An)UF.

"

(An)) i
12 1

=>M(Ar+) = u)Fo" (An)WF,"(Au)) - 1/4

&G u(An) + M(An) - m(An)u(Am) - 1/4

By u-independence 2 1/2



(X: Borel partial order
M : Borel probability measure on X
Fo

,
F1: M-independent s.t. for M-a.e. X, Fo(, F

, (x) < X

Enin : witness hyperwellfoldness of X
A : Ex/ Fo(x) (n + and F

, (x)< x] , u(A) = 3/4
Goal : Find xeA

, iniz , is , ..
90 ,15 st. Fi(, Fin(Fi, (x), ... A

For each KEN
, define

An = ExeAl Ji
, ...
in (Fi(x), ..., (Fino ... o Fi)(x) A)

O
*

& because
Claim For all K

,
u(Ay) > 1/2

-
infinite

claim #) M(1mAn)? => -Am #@
FolkO ↓ I (1xAm·%

* g I↳ Note : Ao ? A,? A, 7 ... ↓ S

Pick xeMnAn
·d

Konig's lemma Fin
, iz,
is ....

sit. Fi(x) , Fiz(Fi ,(x), ... EA



4. 3 Monoid actions

Borel probability measure on X and F ,
F : X -> X are

~ close (X,) is a Borel partial order, me is a

u-independent functions such that For u-almost every

↳
X, F(x) < x and F(x) < X. Then < is not hyperwellfoundedO

On a set of measure 1
,
Fo

,
F, generate a free, measure-preserving

action of the free monoid on 2 generators and the associated

partial order is a suborder of <

QuestionIs independence necessary ?

Suppose Fo
,
F: X- X generate a free

,
M-measure-

preserving action of the free monoid on 2

generators. Can the associated partial order be hyperfinite?

Answer (Forte Shinko) Yes .

Question What is the appropriate notion of independence
for actions of non-free monoids ?



5 Turing reducibility

Motivating question Is there a Borel function F : 2
* -NV

such that for all x ,ye2*, x < + y => F(x) <* F(y) ?

Thm No such function exists

p Equivalent : < is not hyperwellfounded
Let F

,
G : 2N-2V take left & right halves

i

.e. if X = XoX , X2 Xy ... then F(x) = Xoxx4 ... G(x) = X, XXs ...

Well-known fact : For almost every X
,
F(x)

,
G(x) + x

Mentioned previously : F
,
G independent for Lebesque measure

=>I is not hyperwellfounded



Thm There is no Borel function F : IV-NY such that for
all x

, yez,
X ++ y = F(x) <

*

F(y)

Prop There is a Borel function F : IveNY such that for
all x

, yezN,
x'=+ y

= F(x)<
*

F(y)

Cor The partial order x'sry is hyperfinite

pf (of Prop) For each XCIN and new
,
define

F(x)(n) = max P (n) 1 Ren and Oculd] +1

i .e. F(x) eventually dominates each X-computable function

Suppose x" + y . F(x) =+ X = F(x) =+y
= F(x)( F(y)

Question Is hyperfinite?
Recall x y means y is of PA degree over X


